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Abstract
We review the vacuum stability problem in the Standard Model by studying the next-to-next-to-leading order
(NNLO) shape of the renormalization group improved eﬀective potential by including the threshold corrections of
the SM couplings. For this purpose we computed the sum of the vacuum bubbles diagrams up two-loop level and the
Higgs tadpoles contributions by two diﬀerent methods in an on-shell renormalization scheme where the renormalized
parameters are directly expressed in terms of physical observables.
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1. Introduction
The discovery of the Higgs boson by ATLAS [1]
and CMS [2] experiments at Large Hadron Collider has
shown the Standard Model (SM) at work at the scale of
multi TeV with its complete spectrum. The SM physics
at the Fermi scale, at which the electroweak symmetry
breaking manifests [3], becomes explicit through the in-
teractions of the Higgs SMwith no other observed signi-
ﬁcative signals beyond SM. For some indications about
what to search for new physics, more information about
the phenomena at energies beyond the electroweak scale
is needed as well as the predictions from more accu-
rate calculations to distinguish the SM physics from the
new one. In this contribution it is assumed that the
new physics could show up at very high energy of or-
der of the Planck scale. The Higgs mass determina-
tion, the theoretical calculation about the stability of the
electroweak vacuum and the absence of new physics
at sub-Planckian energies imply the SM vacuum to be
metastable [4]. The experimental value of the Higgs
mass MH = 125.29 ± 0.21 GeV coming from a com-
bined analysis of ATLAS and CMS [5] prospects, actu-
ally, scenarios which are at the border between the abso-
lute stability and the metastability therefore the SM vac-
uum can be considered near-critical [6]. Because of the
present experimental uncertainties on the SM parame-
ters (mostly on the top quark mass), we cannot conclu-
sively determine the fate of the EW vacuum, although
metastability is now preferred at 99.3% CL. This state-
ment is the principal motivation for making a reﬁned
study at the NNLO or with more precise level of accu-
racy of the Higgs potential at large classical ﬁeld val-
ues. Therefore the preference of the renormalization
group improved (RGI) eﬀective potential VRGI(φc) in-
stead of the one-particle-irreducible version comes from
the need of looking at a wide range in the ﬁeld space,
namely up to values of Higgs classical ﬁeld φc higher
than the electroweak scale.
The paper is organised as follows. In section 2 we dis-
cuss the problem of SM vacuum stability and its con-
sequences by using the eﬀective potential’s approach.
In section 3 we review some technical details of the
calculation of the vacuum stability conditions. Finally,
we compute in some details the two-loop eﬀective po-
tential in the on-shell renormalization scheme of Sirlin
Zucchini [7], where the threshold corrections of the SM
couplings are taken into account.
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2. The Stability Problem
By measuring the physical Higgs mass, we may indi-
rectly obtain the quartic Higgs coupling assumed to be
SM-like, λ = Gμ√
2
M2H , being Gμ the muon decay cou-
pling constant. The RG evolution from the EW scale
until the Planck’s scale implies that λ gets negative at
the energy scale of 1010 GeV due to the eﬀects of the top
corrections. For instance in the one-loop beta function
of λ they contribute as − 3h4t16π2 , being ht the top Yukawa
coupling. The troubles with λ becoming negative is that
it will cause an instability in the Higgs potential, be-
cause at the very high values of the Higgs ﬁeld the ef-
fective potential is dominated by the quartic term. The
instability phenomenon caused by heavy fermions cou-
pled to light scalars has been known since long time [8].
The requirement of the positivity of the running cou-
pling λ(μ) can be translated in a lower bound for the
Higgs boson mass MH . However, one must be careful
in determining that bound in terms of an eﬀective po-
tential computed inside the domain of the perturbation
theory. The eﬀective potential computed for large val-
ues of the classical ﬁeld needs to be improved by the
renormalization group [9] [10] in order this to be re-
liable in the perturbative domain. In fact, the n-loops
non improved eﬀective potential has logs terms of or-
der gin+1
[
ln
(
φ2c
μ2
)]n
, where φc is the classical ﬁeld [11],
μ¯ is the mass unit to take into account the dimensional
changes of the parameters of the theory in dimensional
regularization and gi represent any couplings in the SM,
λ, h2t , etc. To perturbatively resum those logarithms,
giln
(
φ2c/μ
2
)
must be suﬃciently small. Based on the
RG invariance of the theory it is always possible to re-
deﬁne the renormalization scale μ¯ such that the logarith-
mic term be as small as possible. However, this would
imply perturbativity for just a single value of the clas-
sical ﬁeld, however if one is interested in the potential
over a large range from φ1 to φ2, then it is necessary that
giln
(
φ21/φ
2
2
)
be smaller than one. In almost all calcula-
tions of interest the region of ﬁeld space is so large that
giln
(
φ21/φ
2
2
)
∼ O(1). This situation makes unreliable the
loop expansion of the one-particle-irreducible eﬀective
potential and therefore will be essential to have the RG
improved version. The appropriate improving technique
exploits the renormalization group invariance of the the-
ory and uses the RG methods to build an improved po-
tential that will be valid just if gi is less than one, regard-
less of the size of ln
(
φ21/φ
2
2
)
. The RGI (Renormalization
Group Improved) eﬀective potential can be computed
using the procedure exposed by M. Sher [11], where
the solution of the partial diﬀerential equation by the
method of characteristics is used to solve the RG equa-
tion:
(
∂
∂t
+ βgi
∂
∂gi
+ m2γm
∂
∂m2
+ γφ
∂
∂φ
)
V(φ) = 0. (1)
If one assume that βλ, γm and γ are constants, the
Callan-Symanzik equation (1) leads to the RGI eﬀective
potential:
VRGI(φc) ≈ 12m
2(μ)
[
1 + (γm + 2γ)ln
(
Λ2
μ2
)]
φ2c(μ)
+
1
4
[
λ(μ) + (βλ + 4λ(μ)γ)ln
(
Λ2
μ2
)]
φ4c(μ) (2)
at some energy scale μ from a given reference scale Λ.
This perturbative result describes the correct behaviour
of the eﬀective potential also for large values of the clas-
sical ﬁeld, the unwanted logarithmic φc dependent terms
have now disappeared. The above RGI potential trans-
lates the positivity of the coupling λ(Λ) to the positivity
of the coeﬃcient (βλ + 4λ(μ)γ). Up two-loop level it
amounts:
βλ + 4λγ ≈ 116π2
[
12λ2 − 3h2t + . . .
]
+
1
(16π2)2
[
−168λ3 − 72λ2h2t + 12λh4t + 15h6t + . . .
]
,
(3)
where the dots refer to the gauge contributions. The
beta function for λ and the function γm can be de-
termined from the 1PI eﬀective potential if one com-
putes the Higgs-ﬁeld’s anomalous dimension γ from the
Higgs self-energy [12]. A list of one and two-loop beta
functions and anomalous dimensions of the SM can be
found in reference [14]. The running coupling λ(Λ) de-
creases at high scales due to the top Yukawa coupling
ht, therefore the RGI eﬀective potential bends down for
values of the classical ﬁeld φc much larger than the lo-
cation of the electroweak minimum v and develops a
new minimum v′ at φc  v. Depending on the SM pa-
rameters, in particular on the top and Higgs masses, the
second minimum can be higher or lower than the elec-
troweak one. In the ﬁrst case, the electroweak vacuum is
stable. In the second one, it is metastable and we have to
consider the life-time τ of the false electroweak vacuum,
and compare it with the age of the universe τU . If τ turns
out to be larger than τU , even though the electroweak
vacuum is not the absolute minimum of Ve f f (φc), our
universe might be sitting on a metastable vacuum. This
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is the well-known metastability scenario. In latest up-
dated analysis [4, 6], which include the two-loop thresh-
old corrections of all SM parameters, an overall theory
error on MH of 1.0 GeV combined with the experimen-
tal errors on pole top mass Mt and on the strenght of
strong interactions gs gives as result that vacuum stabil-
ity of the SM up to the Planck scale is excluded at 2σ
(98% C.L. one sided) for MH < 126 GeV.
3. Threshold Corrections
To consider more precisely the vacuum stability at
NNLO the two loop threshold corrections to λ at the
weak scale are needed. They are obtained from the
two-loop RGI eﬀective potential and its ﬁnal analysis
is given in terms of the three loop RG evolution of λ, of
the top Yukawa coupling ht and of the Higgs anomalous
dimension γ computed in [15].
In fact, we can always deﬁne an eﬀective coupling
λe f f (φ) such that for φmuch larger than the electroweak
scale, the two-loop eﬀective potential takes the form
Ve f f (φ) = λe f f (φ)
φ4
4
. (4)
The eﬀective coupling λe f f (φ) is obtained from the 1PI
eﬀective potential at two loops level. One needs to make
the calculation in a renormalization scheme where the
eﬀects of the physics at very large energy scales can be
deduced from those of the theory with the electroweak
scale. This implies to impose matching conditions over
all parameters of the theory in order to take into account
the threshold eﬀects, formulated in terms of physical
observables accessible at low energies. The full dynam-
ics in a very large energy range can be seen in a mass-
independent renormalization scheme like the MS . In
such schemes heavy ﬁeld terms do not decouple. How-
ever, the renormalized quantities of MS can be related
to the on-shell quantities by the shifts
gi(μ) = gi(os) − (δgi(os) − δgi(μ)) (5)
where gi(μ) are the renormalized running parameters
of the MS scheme, and gi(os) are the renormalized on-
shell parameters. The determination of these correc-
tions play a signiﬁcant role in determining the evolu-
tion running of the quartic coupling λ up to high ener-
gies and its positivity around the weak scale. The rapid
variation of λ at the scale where the instability of the ef-
fective potential takes place, can be modiﬁed slightly if
one introduces the threshold eﬀects over the initial con-
ditions for λ(μ) [6]. We choose as on-shell scheme the
renormalization conditions given by Sirlin and Zucchini
in [7]. In this scheme the threshold corrections of all
physical parameters are expressed in terms of physical
observables as for instance in the case of the self-quartic
Higgs coupling
λ(μ) =
Gμ√
2
M2H + Δλ(μ), (6)
in terms of the precisely known muon-decay constant
Gμ = (1.16635 + 0.00002) · 10−5GeV−2, this is to
avoid the large fermionic corrections that arise when
the Higgs coupling is expressed in terms of the ele-
mentary electric charge, which is deﬁned at the excep-
tional invariant transferred momentum q2 = 0 [16]. Up
two-loop level the threshold corrections for all SM pa-
rameters are obtained from the evaluation of the mass-
dependent radiative corrections, like the contribution
due to the Higgs Tadpoles T , the self-energies of the
scalar, fermions and vectors ﬁelds, the vertices VW and
boxes BW appearing in the radiative corrections to the
muon decay process at zero external momentum, see
[4][6] for details.
Consequently we need to compute in general m-point
two-loop tensor integrals. Due to the complicated struc-
ture of the integrals and the large number of diagrams
up two-loop level, typically thousands, some computer
aid and an eﬃcient organization of the calculation is
needed. The generation of Feynman diagrams and their
corresponding integrands can be obtained by the code
FeynArts of Mathematica [17]. Once the amplitudes
are generated, we adopt a method of reduction of ten-
sor integrals in terms of a combination of some basic
integrals, following the Tarasov’s procedure [18, 19].
The Tarasov’s procedure has been implemented in the
Mathematica package TARCER [20], the program re-
duces the tensorial integrals to a set of master integrals,
and in some speciﬁc cases makes the Laurent expansion
in terms of the dimensional regulator parameter ε.
4. SZ Eﬀective Potential
In the Sirlin - Zucchini renormalization scheme, the
1PI eﬀective potential, V (2), can be computed from the
vacuum bubbles diagrams. Since we are interested in
the two-loop level there are two types of 1PI topolo-
gies contributing to the potential. In a general covariant
gauge 67 Feynman diagrams appear including the QCD
contributions. We can divide the calculation into parts
by looking at the 5 sectors according to its diagrammatic
origin, thus
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Figure 1: Contribution FWV to the potential V
(2)
V .
V (2) = V (2)S + V
(2)
S F + V
(2)
SV + V
(2)
VF + V
(2)
V . (7)
All sectors of the eﬀective potential can be reduced
by elementary manipulation to a sum of dimensionally
regularized scalar integrals of the form
I(x, y, z) =
μ2(4−d)
(4π2)d
∫ ∫
ddk1ddk2
1
[k21 − x][(k1 − k2)2 − y][k22 − z]
(8)
or
J(x, y) = J(x)J(y) ; J(x) =
μ4−d
(4π2)d/2
∫
ddk1
k21 − x
(9)
being q the external momentum in the considered
Green’s function. To renormalize the two-loop eﬀec-
tive potential by the usual BPHZ procedure of extract-
ing subdivergencies in the forest formulas, the following
transformations are useful:
I(x, y, z)→ Iˆ(x, y, z) = I(x, y, z)
− i
(4π)2ε
(J(x) + J(y) + J(z)) ,
(10)
J(x, y)→ Jˆ(x, y) = J(x, y)
+
i
(4π)2ε
(yJ(x) + xJ(y)) .
The renormalized V (2) is then obtained by replacing
the integrals I and J for its subtracted form Iˆ and Jˆ
given in eq. (10) and discarding the 1/ε2 and 1/ε poles.
However, we must be careful because this procedure of
renormalization is valid just for sectors where no vector
bosons are included in the Feynman diagrams. When
vector bosons are present, the algebra involved in re-
ducing the sum of diagrams to dependence on I and J
may produce explicit factors of d and therefore we need
explicitly to evaluate the contribution of the subtractions
to each diagram [12][13]. Consider for instance the con-
tribution of the pure gauge sector, the only diagram with
two vector propagators (Figure 1) gives the amplitude
FWV ∝ (d − 1)
3
d
J(M2W ,M
2
V ). (11)
Because all sectors are functions of the integrals
I(x, y, z) and J(x, y), the ﬁnal result has the asymptotic
general form
V (2) = c1φ4c + c2φ
4
c ln(M
2
i /μ
2) + c3φ4c ln
2(M2i /μ
2), (12)
if the classical ﬁeld is larger that the electroweak
scale. The coeﬃcients ci are functions of SM param-
eters and Mi are the dependent ﬁeld masses. Their
complete expression and the numerical code to compute
them will be reported elsewhere.
There is an additional two-loop contribution due to
the one-loop correction to the coupling δ(1l)gi(sz)
∣∣∣
f in
when one makes the shift of the parameters. As an illu-
minating example let us consider the Yukawa sector, the
generalization to the other SM couplings is straightfor-
ward:
h2t (μ) = h
2
t(sz) − (δh2t(sz) − δh2t (μ)). (13)
If we express the MS parameters in terms of the
SZ parameters and we expand the resulting logarithmic
terms, the Yukawa sector of the one-loop potential can
be written as
VY (φ) =
1
64π2
[
−12
(
T 2SZ
(
log
Tsz
μ2
− 3
2
)
+ A
[
δ(1)T 2(sz)
]
f in
+ B
([
δ(1)T(sz)
]
f in
)2)]
,
(14)
where we have deﬁned
T(sz) =
1
2
h2t(sz)φ
2, (15)
and the variations refer to (13), moreover
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A = −1
2
−
(
log
Tsz
μ2
− 3
2
)
; B =
3
2
+
(
log
Tsz
μ2
− 3
2
)
.
(16)
The terms with the coeﬃcients A and B are the two-
loop contributions obtained from the one-loop potential,
this term modiﬁes the two-loop eﬀective potential V (2).
In more details let’s consider the correction in the SZ
scheme δh2t(sz) which up to one-loop amounts
δ(1)h2t(sz) = h
2
t(sz)
⎛⎜⎜⎜⎜⎝δ(1)M2t
M2t
+
⎡⎢⎢⎢⎢⎣E(1) − Δr(1) − A(1)ww(0)M2w
⎤⎥⎥⎥⎥⎦
⎞⎟⎟⎟⎟⎠
(17)
where δ(1)M2t refers to the one-loop correction of the
quark top mass, E refers to a one-loop combination of
vertices and boxes entering in the muon-decay at one-
loop, and AWW is the one loop W self energy at zero
momentum. The one-loop relation between ht(sz) in SZ
and ht(M) in MS becomes:
h2t (M) = 4
(
Gμ√
2
M2t
)
(18)
−4
(
Gμ√
2
M2t
) ⎡⎢⎢⎢⎢⎣δ(1)M2t
M2t
+
⎛⎜⎜⎜⎜⎝E(1) − A(1)ww(0)M2w
⎞⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎦
f in
.
The complete set of all self-energies, vertices and
boxes, that contribute to the speciﬁc counter-terms in-
troduced here, can be calculated with the help of the
FEYNARTS [17] and FEYNCALC [21] codes. Consider-
ing only the most relevant QCD contribution, we must
compute the top quark self-energy with one gluon in-
ternal line. Recalling that the top quark mass countert-
erm is expressed in terms of the self-energy diagrams
δ(1)Mt = Re
[
Σ1(M˜t)
]
with M˜t = Mt − iΓt/2, where Mt is
the pole mass of the unstable fermion and Γt its width,
the on shell top quark self energy amounts to:
ΣQCD(Mt) =
g2sC2(3)
(4π)2
iMt
[
3
(
1
ε
+ 1 − lnM
2
t
μ2
)
+ 1
]
.
(19)
Therefore the ﬁnite QCD contribution, using C2(3) =
4
3 , is
[
δ(1)h2t(os)
]QCD
f in
= 4
(
Gμ√
2
M2t
) [
δ(1)M2t
M2t
]QCD
f in
= 4
(
Gμ√
2
)
g2sM
2
t
(4π)2
[
8
(
1 − lnM
2
t
μ2
)
+
8
3
]
.
(20)
Note that the order of the above contribution is
∼ g2sh2t , therefore the additional term
[
δ(1)T 2(sz)
]
f in
=
2T(sz)
[
δ(1)T(sz)
]
f in
∼ g2sh4t has the same order of the
QCD contributions to the Fermion-Vector sector of the
two-loop eﬀective potential V (2)VF computed by Ford et.
al. in [12] [13]. This conﬁrms that the terms with coef-
ﬁcients A and B are actually two-loop terms. Moreover,
with the input values of the SM observables at μ = Mt,
the QCD corrections give
[
δ(1)h2t(sz)
]QCD
f in
= 0.091144.
If one includes all contributions in eq. (17) evaluated
at μ = Mt then
[
δ(1)h2t(sz)
]
f in
= 0.089118. Using the
above expression in the Yukawa sector of the Higgs ef-
fective potential one can verify that the two-loop con-
tributions generated from the one-loop SZ eﬀective po-
tential clearly modiﬁes the coeﬃcients c2 and c3 of V (2)
in (12). The complete two-loop SZ eﬀective potential
is useful for two reasons. From one side, λe f f (φc) must
be obtained from this potential. By other side from the
same eﬀective potential it is possible to compute the tad-
poles contribution, T (2), to the two-loop threshold cor-
rections of the running coupling λ(μ) [4][6]
δλ(2) = −Gμ√
2
[
ReΠ(2)HH(M
2
H) +
T (2)
vr
]
+ . . . . (21)
The determination of this correction plays a signiﬁ-
cant role in determining the evolution of λ(Λ) up to high
energies, its positivity around the weak scale can be
modiﬁed if one introduces the corrections due to δλ(2).
Using the ﬁrst derivative of the non-improved eﬀective
potential with respect to the classical ﬁeld φc,
T (2) = − ∂
∂φc
Ve f f (φc)
∣∣∣∣∣
φc=v
, (22)
one obtains the sum of the Higgs tadpoles in the SZ
scheme. The result is the same when computing the tad-
poles diagrammatically, but it is not evident. To ver-
ify analytically such an equality it is useful to make
use of appropriate recurrence relations obtained from
the Tarasov method [18]. For instance, if we want to
compute the scalar sector of the tadpoles contribution
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Figure 2: The scalar sector of the tadpole contributions T (2)S .
(Figure 2), the needed recurrence relations are
(D − 3)I(x, y, y) = ∂J(y)
∂y
(J(x) − J(y)) (23)
+ 2x
∂
∂x
I(x, y, y) + x
∂
∂y
I(x, y, y).
After performing the derivative (22) over the scalar
sector of the eﬀective potential, the sum of the scalar
two-loop tadpoles ﬁnally amounts to
T (2)S =
9
64
g3M2H
M3W
(D − 2)J(M2H)2 +
3
16
g3M4H
M3W
I(M2H , 0, 0)
+
3
32
g3M4H
M3W
(3D − 7)I(M2H ,M2H ,M2H).
(24)
Diagrammatically the above expression can be easily
obtained using the TARCER code. The use of the eﬀec-
tive potential to perform the same is more eﬃcient be-
cause the number of diagrams is sensibly less. The com-
plete contribution of tadpoles requires the evaluation of
184 diagrams in the covariant gauges, instead from the
eﬀective potential, we need to compute the ﬁrst deriva-
tive of 67 diagrams. The tadpoles can be assorted in 25
generic classes, where we have classiﬁed the ﬁelds as
scalar (S), fermion (F), gauge (V) and ghost ﬁelds (G).
We can divide these 25 classes in 7 sectors according to
their diagrammatic origin:
T (2) = T (2)S + T
(2)
V + T
(2)
Y + T
(2)
SV + T
(2)
FV + T
(2)
S FV + T
(2)
G .
(25)
The analytic expression is again so large that can’t
be included here. However, if one is interested in a nu-
merical evaluation, the following relations are useful to
obtain T (2) straightforwardly from the 1PI potential V (2):
(4π)2φc
∂
∂φc
Iˆ(x, y, z) = −2(L1 − 2(x + y + z)), (26)
(4π)2φc
∂
∂φc
Jˆ(x, y) = −2xy
(
2 − ln x
μ2
− ln y
μ2
)
, (27)
(4π)2φc
∂
∂φc
{I(x, y, z)} = 2(x + y + z), (28)
(4π)2φc
∂
∂φc
{J(x, y)} = −4xy, (29)
(4π)φc
∂
∂φc
J(x) = 2x, (30)
where L1 = x ln
x
μ2
+ y ln
y
μ2
+ z ln
z
μ2
, and x, y and z
represent the ﬁeld-dependent squared masses.
The above expressions have the advantage that give
directly the renormalized tadpoles, apply the relations
(26)-(30) is equivalent to remove the poles diagrammat-
ically by inserting the one-loop sub-divergent diagrams,
and then subtract the overall divergences with the stan-
dard MS procedure to obtain the ﬁnite contribution.
Subtract diagrammatically the nested divergences is a
non-trivial procedure, require of an exhaustive and te-
dious algebra and the use of some computer assistance.
In this sense, the use of the identities (26)-(30) is the
most eﬃcient way to eliminate the inﬁnities in T (2).
5. Conclusions
The SM vacuum stability issues addressed in this pa-
per are strongly dependent upon the threshold value of
the quartic Higgs coupling. We have identiﬁed in the
sum of the two-loop Higgs SM tadpoles a crucial com-
ponent for computing such a value. In fact, also the
W self-energy at zero momentum, in (17) indicated as
AWW (0), reduces to tadpoles. The same can be said
also for all the QCD diagrams contributing to the Higgs
self energies. In fact, in those diagrams there is al-
ways a quark top running in the internal legs, there-
fore the incoming Higgs momentum on its mass-shell
p2 = M2H << M
2
t , therefore one could Taylor expand
at the integrand level by reducing everything again in
terms of tadpoles. The sum of the two-loop Higgs
tadpoles renormalized in the Sirlin-Zucchini on-shell
scheme has been computed by the direct diagrammatic
approach and by the ﬁrst derivative of the correspond-
ing 1PI eﬀective potential. The obtained results are in
perfect agreement.
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